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      Abstract 
 
 We have performed a numerical analysis of branching ratios and direct CP-asymmetries of B 
meson decays to two light pseudoscalar nonets with |∆𝑆| = 1 using QCD improved 
factorization. The  parameters related to B meson including its semileptonic form factors, 
strange quark mass and the CKM phase angle have been varied over a limited range and 
phenomenological parameters used to parameterize divergences in hard spectator scattering 
and weak annihilation have been varied  over a wide range simultaneously with an aim to 
achieve a fit of branching ratios and some direct CP-asymmetries. A good fit for the majority of 
the parameters has been achieved indicating that the standard model is quite satisfactory in 
accounting for these processes. 
 
 
Introduction 
 
Nonleptonic two-body decays of B mesons are extremely interesting since they provide 
valuable  tests of the standard model and may reveal existence of physics beyond standard 
model (SM) if theoretical analysis based on SM fails to achieve a satisfactory explanation of the 
experimental results. In particular, many of these decay modes carry interesting information on 
CP-violating interactions and on flavor parameters of the SM. Among the rare nonleptonic B 
decays, a large disparity observed between branching ratios (BRs) to 𝜂′𝐾 and 𝜂𝐾 decays while 
BRs to 𝜋𝐾 decays being intermediate between these two decays have puzzled the community 
for last one and a half decades [1,2]. The modes with a single kaon based on |∆𝑆| = 1  
transition have “large” BRs of the order of few times 10−6 to few times 10−5[2]. An interesting 
aspect of charmless B decays is that it involves three distinct scales: 𝑀𝑊 ≫ 𝑚𝑏 ≫ 𝑄𝐶𝐷. While 
sensitivity to the weak interaction scale and probable new phenomena at this scale is most 
interesting, the most theoretical work is related to strong interaction corrections. The mass 
scale𝑚𝑏 arises naturally due to the energy available to decay products in the B rest frame and 
also as the typical parton off-shellness in some of the loop diagrams. The process of separation 
of physics of different scales from each other, is generally called “factorization”.  The naive 
factorization approach [3], adopted initially for calculating these decays, have been superseded 
by QCD improved factorization[4-12] and perturbativeQCD[13-16] calculations. QCD 
factorization can be used to compute two-body decay amplitudes from first principle. Its 
accuracy is limited only by power corrections to the heavy quark limit and the uncertainties of 
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theoretical inputs such as quark masses, CKM matrix elements, form factors, light-cone 
distribution amplitudes, mesonic mixing parameters, etc.  
   In QCD factorization approach, strong final-state interaction phases arise from the hard 
scattering kernel and are, therefore, calculable in the heavy quark limit. These strong phases 
are very important for studying CP-violation in B physics. The calculation of the amplitudes for 
B→P1P2 decays involves the twist-three light-cone wave function of the light pseudoscalar. 
Unfortunately, this gives rise to a logarithmic divergence in the contribution from hard 
spectator scattering at the endpoint of the twist-three light-cone distribution amplitude 
signaling breakdown of QCD factorization at twist-three level. BBNS [5] have also taken into 
account contribution from weak annihilation, which is power suppressed within the framework 
of  QCD factorization. The amplitude of weak annihilation also contains endpoint divergences 
indicating existence of soft contributions. BBNS have given a phenomenological treatment of 
the endpoint divergences in both the hard spectator scattering, called XH and the weak 
annihilation, called XA. Since the predictions of the BRs for  B→P1P2 decays strongly depend on 
the parameters XH and XA, which are treated as universal for these decays, it is essential to 
reliably estimate the effects of XH and XA. In this work we study the decay processes 
𝐵±(0) → 𝜂(′)𝐾±(0),𝜋0𝐾±(0),𝜋±𝐾0,𝜋(±)𝐾(∓)using QCD factorization. We study their branching 
ratios as well as the direct CP-asymmetries, for the cases where it has been observed with 
accuracy better than 2𝜎, simultaneously while varying strange quark mass, the CKM phase 
angle 𝛾, hadronic transition form factors and phenomenological parameters   XH and XA over 
specified ranges so as to get the best fit. 
          For accommodating dramatically different data for  B→  𝜂𝐾 and B→  𝜂′𝐾 BRs within 
perturbative QCD and QCD factorization different proposals have been tried: FKS scheme[17]  
for 𝜂 − 𝜂′ mixing with  a significant flavor singlet contribution [8], a large B→  𝜂′ transition form  
factor[12], a high chiral scale 𝑚0
𝑞  associated with 𝜂𝑞 meson [18], an enhanced hadronic matrix 
element  ⟨0|?̅?𝑖𝛾5𝑠| 𝜂′⟩ [19], the long distance charming penguin and gluonic charming penguin 
in SCET [20], inelastic final state interaction (FSI) [21], 𝜂 −  𝜂′ − 𝐺 mixing scheme and 
𝜂 −  𝜂′ − 𝐺 − 𝜂𝑐  mixing scheme [22]. Usually, the theoretical errors in BRs and CP-asymmetries 
arising due to uncertainties in each of the input parameters are quoted separately around a 
central value [6,8,9,16,20], or the errors are added in quadrature[8,16] and the result displayed. 
In some cases ratios of branching fractions are exhibited to cancel some common errors [5,6,9]. 
In all such analyses one is never sure as to which combination of input parameters will yield a 
result which will match with the corresponding experimental result or will be within a certain 
close range to the experimental result. We feel it worthwhile to search a set of input 
parameters for which QCD factorization gives results that agree with the experimental results 
within the experimental uncertainties or are close to the experimental results for as many BRs 
and CP-asymmetries as possible. This kind of analysis will constrain the ranges of input 
parameters, may suggest incorporation of higher order terms not included so far in theoretical 
calculations or, depending upon the amount of discrepancies, may also suggest existence of 
new physics beyond SM. With this in mind, we will do a rigorous numerical analysis of all the 
BRs and CP-asymmetries mentioned above using FKS mixing scheme [17]. 
 
 
 
3 
 
 
 
Parameterization of B decays to two light pseudoscalars 
 
     Using operator product expansion, the relevant effective Hamiltonian for |∆𝐵| = 1 decays is 
given by[23]: 
Heff=
𝐺𝐹
√2
�∑ 𝑉𝑝𝑏𝑉𝑝𝑞
∗ �𝐶1𝑂1
𝑝 + 𝐶2𝑂2𝑝 + ∑ 𝐶𝑖𝑂𝑖10𝑖=3 � − 𝑉𝑡𝑏𝑉𝑡𝑞∗ �𝐶7𝛾𝑂7𝛾 + 𝐶8𝑔𝑂8𝑔�𝑝=𝑢,𝑐 � + 𝐻.𝐶.,   
          (q=d,s)           (1) 
where 𝑂1,2𝑝  are the left-handed current-current operators arising from W-boson exchange, 𝑂3,…6  
and  𝑂7,…10 are QCD and electroweak penguin operators, and  𝑂7𝛾 and  𝑂8𝑔 are the 
electromagnetic and chromomagnetic dipole operators. The Wilson coefficients (WCs)  𝐶𝑖(𝜇) 
are obtained at a high scale 𝜇~𝑀𝑊 and evolved down to a characteristic scale  𝜇~𝑚𝑏 using 
next-to-leading logarithmic order in the NDR scheme. Their numerical values have been taken 
from Ref. [5]. 
 
     In the QCDF approach in the heavy quark limit, the hadronic matrix element  for B→P1P2 due 
to a given operator 𝑂𝑖 can be written as  
⟨𝑃1𝑃2|𝑂𝑖|𝐵⟩ = ⟨𝑃1𝑃2|𝑂𝑖|𝐵⟩𝑁𝐹 �1 + ∑ 𝑟𝑛(𝛼𝑠)𝑛 + 𝑂 �𝑄𝐶𝐷𝑚𝑏 �𝑛 �      (2) 
In Eq.(2 ),⟨𝑃1𝑃2|𝑂𝑖|𝐵⟩𝑁𝐹 denotes the naïve factorization result while the second and third term 
in the square bracket denote the radiative correction in 𝛼𝑠 and the power corrections in 
𝑄𝐶𝐷 𝑚𝑏⁄ .  
     The decay amplitude for  B→P1P2 can be written as 
A(B→P1P2)= 
𝐺𝐹
√2
∑ ∑ 𝑉𝑝𝑏𝑉𝑝𝑞
∗ �𝑎𝑖
𝑝⟨𝑃1𝑃2|𝑂𝑖|𝐵⟩𝑁𝐹 + 𝑓𝐵𝑓𝑃1𝑓𝑃2𝑏𝑖�10𝑖=1𝑝=𝑢,𝑐        (3)  
Here the first term on the r.h.s. includes vertex corrections, penguin corrections and hard 
spectator scattering contributions which are absorbed into the QCD coefficients 𝑎𝑖
𝑝, whereas 
the second term includes weak annihilation contributions which are absorbed into the 
parameters  𝑏𝑖. We list below the relevant decay amplitudes[5,7,9,11]: 
 
A(𝐵− → 𝜂(′)𝐾−) = −𝑖 𝐺𝐹
√2
𝑓𝐾𝐹0
B𝜂(′)(𝑚𝐾2 ) �𝑚𝐵2 − 𝑚𝜂(′)2 � �𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎1′ + 𝑎4𝑢′ + 𝑎10𝑢 ′ +
�𝑎6
𝑢′ + 𝑎8𝑢′�𝑅1� + 𝑉𝑐𝑏𝑉𝑐𝑠∗�𝑎4𝑐′ + 𝑎10𝑐 ′ + �𝑎6𝑐′ + 𝑎8𝑐′�𝑅1�� − 𝑖 𝐺𝐹√2 𝐹0B𝐾 �𝑚𝜂(′)2 � (𝑚𝐵2 −
𝑚𝐾
2 ) �𝑓
𝜂(′)𝑢 �𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎2 + 2𝑎3 − 2𝑎5 − 12 (𝑎7 − 𝑎9) − �𝑎6𝑢 − 12 𝑎8𝑢� 𝑅3� + 𝑉𝑐𝑏𝑉𝑐𝑠∗ �2𝑎3 − 2𝑎5 −
1
2
(𝑎7 − 𝑎9) − �𝑎6𝑐 − 12 𝑎8𝑐� 𝑅3�� + 𝑓𝜂(′)𝑠 �𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎3 + 𝑎4𝑢 − 𝑎5 + 12 (𝑎7 − 𝑎9 − 𝑎10𝑢 ) +
�𝑎6
𝑢 −
1
2
𝑎8
𝑢� 𝑅3� + 𝑉𝑐𝑏𝑉𝑐𝑠∗ �𝑎3 + 𝑎4𝑐 − 𝑎5 + 12 (𝑎7 − 𝑎9 − 𝑎10𝑐 ) + �𝑎6𝑐 − 12 𝑎8𝑐�𝑅3��� −
𝑖
𝐺𝐹
√2
𝑓𝐵𝑓𝐾(𝑓𝜂(′)𝑢 + 𝑓𝜂(′)𝑠 )[𝑉𝑢𝑏𝑉𝑢𝑠∗ 𝑏2 + (𝑉𝑢𝑏𝑉𝑢𝑠∗ + 𝑉𝑐𝑏𝑉𝑐𝑠∗ )(𝑏3 + 𝑏3𝑒𝑤)],    (4) 
 
A(𝐵�0 → 𝜂(′)𝐾�0) = −𝑖 𝐺𝐹
√2
𝑓𝐾𝐹0
B𝜂(′)(𝑚𝐾2 ) �𝑚𝐵2 − 𝑚𝜂(′)2 � �𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎4𝑢′ − 12 𝑎10𝑢 ′ + �𝑎6𝑢′ −
1
2
𝑎8
𝑢′� 𝑅2� + 𝑉𝑐𝑏𝑉𝑐𝑠∗ �𝑎4𝑐′ − 12 𝑎10𝑐 ′ + �𝑎6𝑐′ − 12 𝑎8𝑐′� 𝑅2�� −
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𝑖
𝐺𝐹
√2
𝐹0
B𝐾 �𝑚
𝜂(′)2 � (𝑚𝐵2 − 𝑚𝐾2 ) �𝑓𝜂(′)𝑢 �𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎2 + 2𝑎3 − 2𝑎5 − 12 (𝑎7 − 𝑎9) − �𝑎6𝑢 −
1
2
𝑎8
𝑢� 𝑅3� + 𝑉𝑐𝑏𝑉𝑐𝑠∗ �2𝑎3 − 2𝑎5 − 12 (𝑎7 − 𝑎9) − �𝑎6𝑐 − 12 𝑎8𝑐� 𝑅3�� + 𝑓𝜂(′)𝑠 �𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎3 + 𝑎4𝑢 −
𝑎5 + 12 (𝑎7 − 𝑎9 − 𝑎10𝑢 ) + �𝑎6𝑢 − 12 𝑎8𝑢� 𝑅3� + 𝑉𝑐𝑏𝑉𝑐𝑠∗ �𝑎3 + 𝑎4𝑐 − 𝑎5 + 12 (𝑎7 − 𝑎9 − 𝑎10𝑐 ) +
�𝑎6
𝑐 −
1
2
𝑎8
𝑐�𝑅3��� − 𝑖
𝐺𝐹
√2
𝑓𝐵𝑓𝐾(𝑓𝜂(′)𝑢 + 𝑓𝜂(′)𝑠 )(𝑉𝑢𝑏𝑉𝑢𝑠∗ + 𝑉𝑐𝑏𝑉𝑐𝑠∗)(𝑏3 − 12 𝑏3𝑒𝑤),   (5) 
 
A(𝐵− → 𝜋−𝐾�0) = 𝑖 𝐺𝐹
√2
𝑓𝐾𝐹0
B𝜋(𝑚𝐾2 )(𝑚𝐵2 −𝑚𝜋2) �𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎4𝑢 − 12 𝑎10𝑢 + �𝑎6𝑢 − 12 𝑎8𝑢� 𝑟𝜒𝐾� +
𝑉𝑐𝑏𝑉𝑐𝑠
∗ �𝑎4
𝑐 −
1
2
𝑎10
𝑐 + �𝑎6𝑐 − 12 𝑎8𝑐� 𝑟𝜒𝐾�� + 𝑖 𝐺𝐹√2 𝑓𝐵𝑓𝐾𝑓𝜋[𝑉𝑢𝑏𝑉𝑢𝑠∗ (𝑏2 + 𝑏3 + 𝑏3𝑒𝑤) + 𝑉𝑐𝑏𝑉𝑐𝑠∗ (𝑏3 +
𝑏3
𝑒𝑤)],                     (6) 
    
−√2A(𝐵− → 𝜋0𝐾−) = 𝑖 𝐺𝐹
√2
𝑓𝐾𝐹0
B𝜋(𝑚𝐾2 )(𝑚𝐵2 − 𝑚𝜋2)�𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎1 + 𝑎4𝑢 + 𝑎10𝑢 + (𝑎6𝑢 + 𝑎8𝑢)𝑟𝜒𝐾� +
𝑉𝑐𝑏𝑉𝑐𝑠
∗�𝑎4
𝑐 + 𝑎10𝑐 + (𝑎6𝑐 + 𝑎8𝑐)𝑟𝜒𝐾�� +𝑖 𝐺𝐹√2 𝑓𝜋𝐹0B𝐾(𝑚𝜋2)(𝑚𝐵2 − 𝑚𝐾2 ) �𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎2 + 32 (−𝑎7 + 𝑎9)� +
𝑉𝑐𝑏𝑉𝑐𝑠
∗ 3
2
(−𝑎7 + 𝑎9)� +  𝑖 𝐺𝐹√2 𝑓𝐵𝑓𝐾𝑓𝜋[𝑉𝑢𝑏𝑉𝑢𝑠∗ 𝑏2 + (𝑉𝑢𝑏𝑉𝑢𝑠∗ + 𝑉𝑐𝑏𝑉𝑐𝑠∗)(𝑏3 + 𝑏3𝑒𝑤)],            (7) 
 
‒A(𝐵�0 → 𝜋+𝐾−)== 𝑖 𝐺𝐹
√2
𝑓𝐾𝐹0
B𝜋(𝑚𝐾2 )(𝑚𝐵2 − 𝑚𝜋2)�𝑉𝑢𝑏𝑉𝑢𝑠∗ �𝑎1 + 𝑎4𝑢 + 𝑎10𝑢 + (𝑎6𝑢 + 𝑎8𝑢)𝑟𝜒𝐾� +
𝑉𝑐𝑏𝑉𝑐𝑠
∗�𝑎4
𝑐 + 𝑎10𝑐 + (𝑎6𝑐 + 𝑎8𝑐)𝑟𝜒𝐾��+ 𝑖 𝐺𝐹√2 𝑓𝐵𝑓𝐾𝑓𝜋(𝑉𝑢𝑏𝑉𝑢𝑠∗ + 𝑉𝑐𝑏𝑉𝑐𝑠∗)(𝑏3 − 12 𝑏3𝑒𝑤),  (8) 
 
and from SU(2) sum rule, we have [20] 
   
√2A(𝐵�0 → 𝜋0𝐾�0)=‒A(𝐵− → 𝜋−𝐾�0) +√2A(𝐵− → 𝜋0𝐾−) −A(𝐵�0 → 𝜋+𝐾−),   (9) 
where 
𝑅1(2) = 2𝑚𝐾(0)2(𝑚𝑏−𝑚𝑞)(𝑚𝑞+𝑚𝑠),  𝑅3 = 𝑚𝜂(′)2𝑚𝑠(𝑚𝑏−𝑚𝑠) ,  𝑟𝜒𝐾 = 2𝑚𝐾2𝑚𝑏(𝑚𝑞+𝑚𝑠) ,  𝑟𝜒𝜋 = 𝑚𝜋2𝑚𝑏𝑚𝑞 ,                (10) 
The coefficients 𝑎𝑖
(′) and 𝑏𝑖 are expressed as 
𝑎1
(′)=𝐶1 + 𝐶23 �1 + 𝐶𝐹𝛼𝑠4𝜋 �𝑉𝑃 + 4𝜋23 𝐻(𝐵𝑃1,𝑃2)��, 
𝑎2 =𝐶2 + 𝐶13 �1 + 𝐶𝐹𝛼𝑠4𝜋 �𝑉𝑃 + 4𝜋23 𝐻(𝐵𝑃1,𝑃2)��, 
𝑎3 =𝐶3 + 𝐶43 �1 + 𝐶𝐹𝛼𝑠4𝜋 �𝑉𝑃 + 4𝜋23 𝐻(𝐵𝑃1,𝑃2)��, 
𝑎4
𝑝(′)=𝐶4 + 𝐶33 �1 + 𝐶𝐹𝛼𝑠4𝜋 �𝑉𝑃 + 4𝜋23 𝐻(𝐵𝑃1,𝑃2)�� + 𝐶𝐹𝛼𝑠12𝜋 𝑃𝑃,2𝑝  , 
5 
 
𝑎5 =𝐶5 + 𝐶63 �1 − 𝐶𝐹𝛼𝑠4𝜋 �𝑉𝑃 + 12 + 4𝜋23 𝐻(𝐵𝑃1,𝑃2)��, 
𝑎6
𝑝(′)=𝐶6 + 𝐶53 �1 − 6 𝐶𝐹𝛼𝑠4𝜋 � + 𝐶𝐹𝛼𝑠12𝜋 𝑃𝑃,3𝑝  , 
𝑎7 =𝐶7 + 𝐶83 �1 − 𝐶𝐹𝛼𝑠4𝜋 �𝑉𝑃 + 12 + 4𝜋23 𝐻(𝐵𝑃1,𝑃2)��, 
𝑎8
𝑝(′)=𝐶8 + 𝐶73 �1 − 6 𝐶𝐹𝛼𝑠4𝜋 � + 𝛼27𝜋 𝑃𝑃,3𝑝,𝑒𝑤 , 
𝑎9 =𝐶9 + 𝐶103 �1 + 𝐶𝐹𝛼𝑠4𝜋 �𝑉𝑃 + 4𝜋23 𝐻(𝐵𝑃1,𝑃2)��, 
𝑎10
𝑝(′)=𝐶10 + 𝐶93 �1 + 𝐶𝐹𝛼𝑠4𝜋 �𝑉𝑃 + 4𝜋23 𝐻(𝐵𝑃1,𝑃2)�� + 𝛼27𝜋 𝑃𝑃,2𝑝,𝑒𝑤 , 
𝑏2=
𝐶𝐹
9
𝐶2𝐴
𝑖,   𝑏3=
𝐶𝐹
9
�𝐶3𝐴
𝑖 + 𝐴𝑓(𝐶5 + 3𝐶6)�,  𝑏3𝑒𝑤 = 𝐶𝐹9 �𝐶9𝐴𝑖 + 𝐴𝑓(𝐶7 + 3𝐶8)�,        (11)  
where 𝐶𝐹 = 43  is the color factor (𝑁𝐶 = 3), the superscript p=u,c, 𝐶𝑖 = 𝐶𝑖(𝜇) and 𝛼𝑠 = 𝛼𝑠(𝜇). 
The parameters 𝑉𝑃 resulting from the vertex corrections, 𝑃𝑃,2𝑝  and  𝑃𝑃,3𝑝   (𝑃𝑃,2𝑝,𝑒𝑤 ) arising from 
QCD (electroweak) penguin contractions and the contributions from the dipole operators, and  
𝐻(𝐵𝑃1,𝑃2)  originating from hard spectator scattering are given as [5,7,9]: 
𝑉𝑃 =12 𝑙𝑛
𝑚𝑏
𝜇
− 18 + ∫ 𝑑𝑥 𝑔(𝑥)𝑃(𝑥)10 ,  
𝐻(𝐵𝑃1,𝑃2) =  𝑓𝐵𝑓𝑃1
𝑚𝐵
2𝐹0B𝑃1 ∫ 𝑑𝑧 𝐵(𝑧)𝑧10 ∫ 𝑑𝑥 𝑃2(𝑥)1−𝑥10 ∫ 𝑑𝑦 �𝑃1(𝑦)1−𝑦 + 2𝜇𝑃1𝑚𝑏 (1−𝑥)𝑥 𝑃1𝑝 (𝑦)1−𝑦 �10 , 
𝐴𝑖 ≈ 𝜋𝛼𝑠 �18 �𝑋𝐴 − 4 + 𝜋23 � + 2𝑟𝜒𝐾𝑟𝜒𝑃𝑋𝐴2�, 
𝐴𝑓 ≈ 6𝜋𝛼𝑠(𝑟𝜒𝐾 + 𝑟𝜒𝑃)𝑋𝐴(2𝑋𝐴 − 1),         (12) 
where 
g(x)= 3 �1−2𝑥
1−𝑥
 𝑙𝑛𝑥 − 𝑖𝜋� + �2𝐿𝑖2(𝑥) − 𝑙𝑛2𝑥 + 2 𝑙𝑛𝑥1−𝑥 − (3 + 2𝑖𝜋)𝑙𝑛𝑥 − (𝑥1 − 𝑥)�.      (13) 
For the wave function  𝐵(𝑧) of the B meson, the following parameterization has been used: 
∫ 𝑑𝑥
𝐵(𝑥)
𝑥
1
0
=  𝑚𝐵
𝐵
,           (14) 
where for  𝐵 = 350 ± 150 𝑀𝑒𝑉 has been suggested [5,9]. For light pseudoscalar nonets, the 
asymptotic forms of respective LCDA has been used for the leading twist and twist-3 LCDAs [5]: 
𝑃(𝑥) = 6𝑥(1 − 𝑥), 
𝑃
𝑝(𝑥) = 1.           (15) 
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We also have 
𝜇𝑃 = 𝑚𝑃2𝑚1+𝑚2  for P = 𝜋 and K         (16a) 
(𝑚1 and 𝑚2 are current quark masses of the valence quarks of the meson P), while chirally 
enhanced parameter  𝑟𝜒 = 2𝜇𝑃𝑚𝑏 . For 𝑟𝜒𝜂(′)we take[7]: 
𝑟𝜒
𝜂(′) �1 − 𝑓𝜂(′)𝑢
𝑓
𝜂(′)𝑠 �= 𝑟𝜒𝜋=𝑟𝜒𝐾 ≡ 𝑟𝜒.                   (16b)  
The phenomenological parameters for the end-point divergent integrals [5] 
𝑋𝐻,𝐴 ≡ ∫ 𝑑𝑥𝑥10 ≡ �1 + 𝜌𝐻,𝐴𝑒𝑖𝐻,𝐴� 𝑙𝑛 𝑚𝐵ℎ ,                                  (17)  
have been introduced with 𝑋𝐻 and 𝑋𝐴 for hard spectator scattering contribution and the 
annihilation contribution respectively. Here the phases 𝐻,𝐴 are arbitrary 0 ≤ 𝐻,𝐴 ≤ 2𝜋, and 
the parameters 𝜌𝐻,𝐴 ≤ 2 have been taken while the phenomenological scale ℎ = 0.5 𝐺𝑒𝑉 has 
been assumed [5]. The coefficients 𝑎𝑖 and 𝑎𝑖′ in  Eq.(11)    include different vertex and hard 
spectator scattering contributions as follows : for 𝑎𝑖 , 𝑉𝑃= 𝑉𝜂(′) or 𝑉𝜋 and  𝐻(𝐵𝑃1,𝑃2)= 
𝐻�𝐵𝜂(′),𝐾� or 𝐻(𝐵𝜋,𝐾) while for 𝑎𝑖′, 𝑉𝑃= 𝑉𝐾 and 𝐻(𝐵𝑃1,𝑃2)= 𝐻�𝐵𝐾, 𝜂(′)�. For the expressions 
of the QCD penguin parameters 𝑃𝑃,𝑖𝑝  and the electroweak penguin parameters  𝑃𝑃,𝑖𝑝,𝑒𝑤,we refer 
readers to Refs.[5,9]. 
          The following constants have been used in this work (masses and decay constants in GeV  
unit) [24,25,9,26,27] : 
𝑓𝐵 = 0.2 ± 0.01, 𝑓𝐾 = 0.16, 𝑀𝑆�����(5) = 0.225, 𝑀𝑆�����(4)=0.319 (both mass parameters to two-loop accuracy), 
𝑚𝑞=0.0041, 𝑚𝑠 = 0.1 ± 0.01, 𝑚𝑐 = 1.4, 𝑚𝑏 = 4.2, 𝑓𝜂𝑢=0.0778, 𝑓𝜂𝑠 = −0.1112, 𝑓𝜂′𝑢=0.0636, 𝑓𝜂′𝑠=0.1413, 
𝑚𝐵=5.28, 𝑓𝜋=0.131, 𝑉𝑢𝑠 = 0.2246, |𝑉𝑢𝑏| = 0.00361, 𝑉𝑐𝑠 = 0.9748, 𝑉𝑐𝑏 = 0.04197, 𝛾 = 60° ± 5°, 
𝜏𝐵0 = 1.52 × 10−12𝑠𝑒𝑐, 𝜏𝐵± = 1.641 × 10−12𝑠𝑒𝑐, 𝛼 = 1/129.                                                        (18)                            
The numerical values of  𝑓
𝜂(′)𝑢,𝑠 are in the standard FKS scheme [17]. In evaluation of  a and b 
parameters, 𝐶𝑖 and 𝛼𝑠 have been evaluated at the renormalization scale  𝜇 = 𝑚𝑏; however, 
when these parameters appear as coefficients of  𝐻(𝐵𝑃1,𝑃2),  𝜇 = 𝜇ℎ = �ℎ𝑚𝑏  with ℎ=0.5 
GeV has been used [5]. Lattice calculations give 𝑓𝐵 = 190.6(4.7) 𝑀𝑒𝑉 [26 ] while Borel QCD 
sum rule give 𝑚�𝑏(𝑚�𝑏) = 4.247 ± 0.027 ± 0.011 GeV [27]. While the large quark masses are 
defined at 𝜇 = 𝑚𝑏, the small quark masses are defined at 𝜇 = 2 𝐺𝑒𝑉[9]. For semileptonic form 
factors 𝐹0
B𝜂(′)(𝑞2), we have used the parameterization [28]: 
𝐹0
B𝜂(′)(0) = 𝐹1 𝑓𝜂(′)𝑢𝑓𝜋 + 𝐹2 2𝑓𝜂(′)𝑢 +𝑓𝜂(′)𝑠√6𝑓𝜋 .                      (19) 
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To account for small variation in the form factors for 𝑞2 = 𝑚𝑃2  , we have used the 
parameterization of Ball and Zwicky [29]: 
𝐹0
B𝑃(𝑞2) = 𝑟2
1−𝑞2/𝑚𝑓𝑖𝑡2 , where 𝑚𝑓𝑖𝑡2 = 37.46 𝐺𝑒𝑉2 for P=K and 𝑚𝑓𝑖𝑡2 = 31.03 𝐺𝑒𝑉2 for P=𝜂(′). 
𝐹0
B𝑃(0) = 𝑟2 and we assume same 𝑚𝑓𝑖𝑡2  for 𝜂′ as for  𝜂. 
 
Numerical analysis and results 
For numerical analysis, we have varied 𝐹1, 𝐹2, 𝑚𝑠, 𝛾, 𝐹0B𝜋, 𝐹0BK, 𝐵  and 𝑓𝐵 over a limited 
range (around 10%), since their values used in the current literature have some uncertainties. 
The phenomenological parameters  𝜌𝐻,𝐴 and 𝐻,𝐴 have been varied over a wide range 
:0 ≤ 𝜌𝐻,𝐴 ≤ 2 and 0 ≤ 𝐻,𝐴 ≤ 2𝜋. All the 12 parameters listed in Table I were varied 
simultaneously to get a good fit for 7 BRs and 1 CP-asymmetry listed in the first eight columns  
of Table II. The quality of fit was judged by the parameters  and  1defined as follows:  
2 = 1
𝑁
∑
�𝑓𝑖−𝑓𝑖
𝑒�
2
�𝑓𝑖+𝑓𝑖
𝑒�
2
𝑁
𝑖=1  , where  𝑓𝑖  is our computed result and 𝑓𝑖
𝑒is the nearest  edge value of the 
measured result arising due to the error bar and 𝑓𝑖 − 𝑓𝑖
𝑒=0 if 𝑓𝑖  lies within the range of errors of 
the measured result.  1
2 = 1
𝑁
∑
�𝑓𝑖−𝑓𝑖
𝑐�
2
�𝑓𝑖+𝑓𝑖
𝑐�
2
𝑁
𝑖=1  , where  𝑓𝑖  is our computed result and 𝑓𝑖
𝑐 is the 
central value of the measured result and 𝑓𝑖 − 𝑓𝑖
𝑐=0 if 𝑓𝑖  lies within the range of errors of the 
measured result.  The nomenclatures    and  1 have been used  for the first 8 output 
parameters listed in Tables II and IV  and nomenclatures  ′ and  ′1 have been used for the first 
11 output parameters listed there. The values of   ,  1, ′ and  ′1 have been listed in the last 
four columns of Tables II and IV. For comparison, the experimental results for the 12 output 
parameters have been listed in the second row of Tables II and IV.  Two sets of results have 
been obtained in Table II for   < 1.5, 2.1. Both the input parameters listed in Table I and the 
resulting output parameters listed in Table II appear in a range while satisfying the condition  
 < 1.5, 2.1.  It has been argued that the largest uncertainty in BRs and CP-asymmetries come 
from the phenomenological parameters  𝜌𝐻,𝐴 and 𝐻,𝐴 [5,9]. We have put an upper limit on 
𝜌𝐻,𝐴:  𝜌𝐻,𝐴 ≤ 2. Normally, 𝜌𝐻,𝐴 ≤ 1 has been used for analysis of B decays [5-12]. However, a 
conservative estimate of 𝜌𝐻,𝐴 ≤ 2  has also been advocated [7], 𝜌𝐴 = 2.0  has been used [9] 
and even 𝜌𝐻 ≈ 4.9  has been suggested to solve the B→K 𝜋  CP puzzle [30]. We observe that 
the values of 𝜌𝐻 required for a good fit is always on the higher side, close to the upper limit 
which we have set. In contrast to this, 𝜌𝐴 lies in an intermediate region. The values of 𝐻,𝐴 in a 
specific range, as shown in Table I, give a good fit. As stated earlier, the values of the remaining  
8 input parameters have been varied in a range which has been used by several authors in 
recent years. Hence, it is gratifying to find that an appropriate choice of the 4 parameters 𝜌𝐻,𝐴 
and 𝐻,𝐴 can produce the experimental results for 7 BRs and a CP-asymmetry so closely. In 
Table IV we have listed a few typical results with low ′𝑠 for the input parameters listed in 
Table III. To illustrate the fact that larger values of  𝜌𝐻 further reduces     and  1, in Table IV, 
at the bottom, we have displayed a typical result for  𝜌𝐻=2.2. We have also computed  
𝐵𝑟(𝐵�0 → 𝐾�0𝜋0),  𝐴𝐶𝑃(𝐵− → 𝐾−𝜂′) and  𝐴𝐶𝑃(𝐵− → 𝐾−𝜋0), and the corresponding  ′ and  ′1 
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for all the first 11 output parameters shown in Table II for the same set of input parameters 
which yield   < 1.5, 2.1 and listed there. In Table IV also we have listed the 11 output 
parameters and ′ and  ′1 for the input parameters shown in Table III. For the sake of 
comparison, we have also listed the resulting values of  𝐴𝐶𝑃 (𝐵�0 → 𝐾−𝜋+) in Table II as well as 
Table IV, although it has not been used in the analysis. The 𝐵𝑟(𝐵�0 → 𝐾�0𝜋0), 𝐴𝐶𝑃(𝐵− → 𝐾−𝜂′) 
and 𝐴𝐶𝑃(𝐵− → 𝐾−𝜋0), depend on amplitudes which have already been used to minimize   
and  1. The fact that the values of  ′ and  ′1 are significantly higher than    and  1indicates 
that the strong interaction phases have not been accounted for sufficiently well in the present 
approach.  For              𝐴𝐶𝑃 (𝐵�0 → 𝐾−𝜋+), the fit does not account for even the sign correctly. 
The latter observation has been noted by other authors too [9,30]. It may be amusing to note 
that our result for ∆𝐾𝜋=𝐴𝐶𝑃(𝐵− → 𝐾−𝜋0)   −𝐴𝐶𝑃 (𝐵�0 → 𝐾−𝜋+) ≈ 10%  has approximately 
correct value. There are a couple of suggestions to resolve discrepancies found in observables 
related to 𝐵� → 𝐾�𝜋 decays within QCDF. One way may be to take a large 𝜌𝐻 ≈ 4.9 in calculation  
 
TABLE I: The input parameters, shown in the first row, have been varied in a range shown in next two 
rows (except for the 𝛾 in the second row having a single value). The corresponding output parameters 
have been shown in  TABLE II. 
𝐹1 𝐹2 𝑚𝑠 
(GeV) 
𝛾 𝐹0B𝜋 𝐵 
(GeV) 
𝑓𝐵 
(GeV) 
𝐹0
B𝐾  𝜌𝐻 𝐻/𝜋P
  𝜌𝐴 𝐴/𝜋 
0.248-
0.265 
0.003-
0.004 
0.09-
0.1 
55° 0.23-
0.26 
0.21-
0.24 
0.19-
0.21 
0.325-
0.34 
1.92-
2.0 
1.45-
1.50 
1.27-
1.43 
0.14-
0.165 
0.248-
0.265 
0.003-
0.004 
0.09-
0.11 
55°
− 65° 0.23-0.26 0.21-0.24 0.19-0.21 0.325-0.355 1.92-2.0 1.44-1.50 1.27-1.45 0.09-0.165 
 
TABLE II: Summary of results of our numerical analysis:   The second row shows the experimental results 
for the branching ratios and direct CP-asymmetries shown in the first row. The third and the fourth rows 
are the computed results for the quantities shown in the first row corresponding to the input 
parameters shown in the second and the third rows respectively of  TABLE I. The output parameters 
take values in a range because input parameters have been varied in a range. The ’s have been defined 
in the text. 
𝐵𝑟(𝐵−
→ 𝐾−𝜂)× 106 𝐴𝐶𝑃(𝐵− →𝐾−𝜂) ×(−1) 
(%) 
𝐵𝑟(𝐵−
→ 𝐾−𝜂′)× 106 𝐵𝑟(𝐵−→ 𝐾−𝜋0)× 106 𝐵𝑟(𝐵�0→ 𝐾�0𝜂)× 106 𝐵𝑟(𝐵�0→ 𝐾�0𝜂′)× 106 𝐵𝑟(𝐵−→ 𝐾�0𝜋−)× 106 𝐵𝑟(𝐵�0→ 𝐾−𝜋+)× 106 𝐵𝑟(𝐵�0→ 𝐾�0𝜋0)× 106 𝐴𝐶𝑃(𝐵− →𝐾−𝜂′) (%)  𝐴𝐶𝑃(𝐵
−
→ 𝐾−𝜋0) 
(%)  
 𝐴𝐶𝑃 
(𝐵�0 →
𝐾−𝜋+) 
(%) 
  
(%) 
1 
(%) 
′ 
(%) 
′1 
(%) 
2.36−0.21+0.22 
  
37±8 71.1±2.6 12.1±0.8 1.23−0.24+0.27 66.1±3.1 24.1±1.8 18.9±0.7 10.1±1.0 1.3±1.7 5.1±2.5 −10.7−1.2+2.2      
2.04-
2.14 
27.53-
29.17 
66.68-
73.91 
13.46-
13.70 
1.47-
1.55 
63.43-
69.51 
21.40-
22.13 
17.82-
18.23 
6.75-
7.07 
1.93-
2.82 
18.42-
20.10 
8.82-
10.57 
<1.5 3.56-
7.23 
12.76-
13.81 
19.32-
21.89 
2.00-
2.14 
25.02-
29.17 
66.28-
73.96 
13.17-
13.70 
1.45-
1.58 
62.06-
69.55 
20.73-
22.16 
17.44-
18.25 
6.37-
7.07 
1.09-
2.82 
14.12-
20.10 
5.02-
10.57 
<2.1 3.56-
7.80 
9.59-
13.81 
15.87-
21.89 
 
of the coefficient   a2 [30]. Another approach may be to include color allowed decay 𝐵− →
𝐾−𝜂′ (which has a large BR) followed by  the rescattering  of  𝐾−𝜂′ → 𝐾−𝜋0 [31].  
9 
 
 In Table II, the outputs have been listed over a range since the corresponding inputs in 
Table I have been applied over a range. On the other hand, in Table IV, few typical results with 
low   values have been listed corresponding to single inputs listed in Table III. It is observed 
that low    and  1does not imply low   ′ and  ′1 and vice versa. It is also seen that low 𝐹1, 𝑚𝑠 
and 𝛾 favor low   and  1, whereas the higher values of these parameters favor low ′ and  ′1. 
It is also observed that the BRs of B decays involving 𝜂′are obtained in a range which well 
covers  the range of  the corresponding experimental  results within the error bars. For the 
remaining BRs, the computed results just touch the boundaries  of the experimental errors 
from one side and they mostly lie outside the range of the error bars. In this work, we have not 
varied 𝜂 −  𝜂′ mixing parameters which have some uncertainties [32]. There are works in which 
mixing of  𝜂 −  𝜂′ with glueball states [33]  and also with glueball as well as 𝜂𝑐  is considered 
[22]. This may make some improvement in results on BRs and direct CP-asymmetries of decays 
involving 𝜂 and 𝜂′ mesons.  
 
TABLE III: The input parameters, shown in the first row, and their values shown in next four rows. The 
corresponding output parameters have been shown in  TABLE IV. 
𝐹1 𝐹2 𝑚𝑠 
(GeV) 
𝛾 𝐹0B𝜋 𝐵 
(GeV) 
𝑓𝐵 
(GeV) 
𝐹0
B𝐾  𝜌𝐻 𝐻/𝜋P
  𝜌𝐴 𝐴/𝜋P
  
0.248 0.0034 0.09 55° 0.24 0.21 0.21 0.325 2.0 1.45 1.3 0.155 
0.265 0.0034 0.09 55° 0.24 0.23 0.21 0.335 1.97 1.43 1.34 0.125 
0.26 0.0034 0.11 60° 0.25 0.21 0.2 0.345 1.94 1.46 1.38 0.09 
0.265 0.0034 0.09 55° 0.24 0.23 0.2 0.335 2.2 1.46 1.325 0.12 
 
TABLE IV: : Some typical results with low ’s :The second row shows the experimental results for the 
branching ratios and direct CP-asymmetries shown in the first row. The third through the sixth rows are 
the computed results for the quantities shown in the first row corresponding to the input parameters 
shown in the second through the fifth rows respectively of  TABLE III. The low   values have been shown 
in bold digits. 
𝐵𝑟(𝐵−
→ 𝐾−𝜂)× 106 𝐴𝐶𝑃(𝐵− →𝐾−𝜂) ×(−1)) 
(%) 
𝐵𝑟(𝐵− →
𝐾−𝜂′) ×106 P6 𝐵𝑟(𝐵−→ 𝐾−𝜋0)× 106 𝐵𝑟(𝐵�0→ 𝐾�0𝜂)× 106 𝐵𝑟(𝐵�0→ 𝐾�0𝜂′)× 106 𝐵𝑟(𝐵−→ 𝐾�0𝜋−)× 106 𝐵𝑟(𝐵�0→ 𝐾−𝜋+)× 106 𝐵𝑟(𝐵�0→ 𝐾�0𝜋0)× 106 𝐴𝐶𝑃(𝐵− →𝐾−𝜂′) (%) 𝐴𝐶𝑃(𝐵
− →
𝐾−𝜋0) 
(%)  
𝐴𝐶𝑃 
(𝐵�0 →
𝐾−𝜋+ 
(%) 
 
(%) 
1 
(%) 
′ 
(%) 
′1 
(%) 
2.36−0.21+0.22 
 
37±8 71.1±2.6 12.1±0.8 1.23−0.24+0.27 66.1±3.1 24.1±1.8 18.9±0.7 10.1±1.0 1.3±1.7 5.1±2.5 −10.7−1.2+2.2      
2.11 28.70 69.95 13.54 1.51 66.00 21.67 17.90 6.84 2.25 19.56 9.32 1.12 6.73 13.47 20.45 
2.10 29.01 68.52 13.57 1.47 65.06 21.61 18.00 6.82 2.94 19.38 10.60 1.14 3.56 13.36 21.48 
2.02 25.02 72.44 13.66 1.47 67.83 22.13 18.16 7.07 1.09 14.12 5.02 3.02 7.86  9. 59 15.87 
2.13 28.72 70.77 13.56 1.47 67.11 21.73 17.82 6.81 2.22 18.60 8.85 1.08 5.61 12.86 19.67 
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Summary  
    In summary, we have done a numerical analysis of the BRs and direct CP-asymmetries of B 
decays to two light pseudoscalar nonets with |∆𝑆|=1 using QCD factorization. We find that by 
properly choosing the phenomenological parameters  𝜌𝐻,𝐴 and 𝐻,𝐴, which parameterize 
logarithmic divergences in hard spectator scattering contribution and annihilation contribution,  
and also with minor adjustments of semileptonic form factors, 𝑚𝑠 and CKM phase angle 𝛾, a 
good fit of majority of BRs as well as the largest direct CP-asymmetry observed in  𝐵− → 𝐾−𝜂  
decay can be obtained. The small remaining discrepancies, we believe, may be removed by 
possible power corrections to penguin amplitudes including long distance charming penguins, 
final state interactions,  penguin annihilation characterized by the parameters 𝛽3
𝑢,𝑐[9] and 
higher order radiative corrections. We therefore conclude that at present there is no strong 
evidence for beyond the standard model physics. 
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